Abstract. In this paper a theoretical study is undertaken to investigate the structure of the lower branch neutral stability modes of three-dimensional small disturbances imposed on the incompressible Von Karman's boundary layer flow due to a rotating disk. Particular attention is given to the short-wavelength non-linear non-stationary crossflow vortex modes at sufficiently high Reynolds numbers with reasonably small scaled frequencies. [497][498][499][500][501][502][503][504][505][506][507][508][509][510][511][512][513] for the stationary linear and non-linear modes, it is revealed here that the nonstationary modes with sufficiently long time scale can also be described by an asymptotic expansion procedure based on the triple-deck theory. Making use of this approach, which takes into account the non-linear and non-parallel effects, the asymptotic structure of the non-stationary modes is shown to be adjusted by a balance between viscous and Coriolis forces, and resulted from the fact of vanishing shear stress at the disk surface. As a consequence of the matching of the solutions in adjacent regions it is found that in the linear case the wavenumber and the orientation of the lower branch modes are governed by an eigenrelation, which is akin to the one obtained previously in [Proc. Roy. Soc. London Ser. A 406 (1986), 93-106] for the stationary modes. The asymptotic theory shows that the non-parallelism has a destabilizing effect. A Landau-type equation for the modulated vortex amplitude with coefficients that are often difficult to get from finite Reynolds number computations has also been obtained from a weakly non-linear analysis in the limit of infinitely large Reynolds numbers. The non-linearity has also been found to be destabilizing for both positive and negative frequency waves, though finite amplitude growth of a disturbance having positive frequency close to the neutral location is more effective.
All of the aforementioned theoretical works have comprehensively used parallel-flow approximation methods, together with the replacement of the radius of the disk by the Reynolds number at some stage during the linearization of the governing equations, in order that the resulting system may be reduced to a more analyzable and compact form, describing the evolution of the small perturbations. Although such an approximation can give adequate results for sufficiently large Reynolds numbers, at finite Reynolds numbers it cannot be justified. Bearing this in mind, a more rigorous approach is needed, which not only accounts for the non-linearity and non-parallelism of the basic flow, but also relies on a large Reynolds number assumption for the formal asymptotic solutions of the full non-linear governing equations. Such a rational and self-consistent method is the asymptotic triple-deck theory; see for the description and its applications [21, 22] , [23] and [24] , which was first used within the context of predicting the stability features of the Blasius boundary layer flow in [25] , [26] and [27] . As these papers demonstrate, this theory can allow for a more acceptable treatment of non-linearity, non-parallelism, streamline curvature and Coriolis effects belonging to the flow structure, and it enables the influence of the potential flow outside the boundary layer to be incorporated fully inside it. This strategy was successfully adapted to the linear instability exploration of rotating-disk flow in [1] , in which both upper branch and lower branch stationary neutral modes and their asymptotic structures were obtained within the framework of asymptotic expansion at large Reynolds numbers.
Making use of the asymptotic triple-deck theory, the linear and non-linear evolution of the upper branch modes of the rotating-disk boundary layer flow, as far as the orientation of the non-stationary waves is concerned, were examined in [28] and [29] . These modes are the ones naturally observed in the experiments of [12] , [17] and [30, 31] . However, as first detected in the experiment of [19] , there exist lower branch modes corresponding to a lower Reynolds number. In [2] an investigation was performed (making use of the theory developed in [1] ) of the non-linear stability properties on the lower branch instability modes, and it was noticed that these modes can be observed in real flows provided that the external perturbations are strong enough; otherwise, the inviscid modes of [12] would be dominant. In addition to this, the recent experiment of [32] clearly pointed out that under the natural transition process non-stationary disturbances are first amplified, even though at later stages the transition is dominated by the stationary waves. If, on the other hand, the system is forced with a roughness situated on the rotating disk, the transition was observed in [33] to take place through the travelling perturbations. This sets forth the significance of the non-stationary waves, and therefore our main aim here is to extend the work of [2] to incorporate the effects of non-linearity on such disturbances near the position of neutral stability, and as a result to determine whether the stationary or non-stationary waves augment each other to cause the exponential amplification and transition. Actually, a smaller finite amplitude disturbance with a positive frequency has been found to be sufficient to give rise to an exponential growth of the solution.
Numerical calculations of [15] and asymptotic work of [1] have justified that the lower branch short-wavelength stationary viscous mode corresponds to zero wall shear stress of the effective cross-flow velocity profiles. In addition to this, parallel-flow approximation results of [6] and [20] clearly demonstrate that not only the zero-frequency waves but also the non-stationary waves with small frequencies approach the zero wall shear stress at high Reynolds numbers. Motivated in particular by this observation, in the current research another objective is to calculate the non-stationary lower branch neutral modes having sufficiently long time scales and as a consequence determine how the lower branch modes of [20] will be modified by the non-parallel effects. As shown in [1] , the lower branch modes are governed by a triple-deck structure, for which the upper and main-deck flow description is essentially the same as that found in [26] for the Blasius boundary layer flow. Basically the same expansions are also supposed to be valid for the non-stationary neutral waves considered here. We found here that the lower-deck expansions yield an eigenrelation involving parabolic cylinder functions, connecting the flow parameters. Moreover, the non-parallelism accounted for in the present work is found to be destabilizing, though the wavenumber and wave angle computed from this asymptotic description compare fairly well with the numerical solution of full stability equations based on the parallel-flow assumption. The final objective of the current work is to identify the occurrence of the bifurcation at the lower branch of the stability curve for a range of positive frequencies, first spotted in the numerical study [20] . Our investigation is an attempt to study this behavior analytically within a self-consistent non-parallel-flow approximation. Using the approach outlined here, further analysis can also be implemented to investigate the growing waves having small frequencies.
The rest of the paper is organized in the following fashion. In §2 the non-linear partial differential equations governing the stability of the incompressible boundary layer flow over a rotating disk are given together with the basic Von Karman's steady flow. §3 is concerned with the construction of a set of asymptotic expansions and the solutions of the corresponding asymptotic equations of the flow behavior in each asymptotic region within the concept of triple-deck theory. Both linear and non-linear approximations are considered in §3. The linear results are first compared with the numerical ones of [6] and [20] in §4.1, followed by the determination of an amplitude function from a weakly non-linear analysis in §4.2. Finally our conclusions are drawn in §5.
Formulation of the problem.
We are concerned with the motion of a threedimensional viscous incompressible flow occupying the z ≥ 0 region and adjacent to a disk rotating with a constant angular velocity Ω a . The flow has kinematic viscosity ν, and the cylindrical polar coordinates (r, θ, z) are introduced, in which the lengths r and z have been made dimensionless with respect to a reference length scale l that can be taken to be the local radius of the disk. The characterizing parameter, i.e. the Reynolds number of the flow, is defined as R = Ω a l 2 /ν. Since the reference frame attached to the disk rotates with it, the basic flow is formulated by the Von Karman solution with the velocity components (u, v, w) and pressure p given by
which satisfy the following differential equations:
1)
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which should be solved subject to the boundary conditions
where the prime denotes differentiation with respect to Y = R 1/2 z, and w c is a constant to be found as a result of the solution of equations (2.1)-(2.2). Moreover, the steady pressure component can also be obtained from the normal momentum equation, but it is of no relevance to the subsequent analysis.
The dynamic flow field is next decomposed into a mean flow plus perturbations. Thus the mean flow determined from (2.1) is perturbed with small, unsteady, three-dimensional disturbances of the form
After substituting these into the Navier-Stokes equations we find that the evolution of the perturbations is governed by the following non-linear equations:
Here, the linear operators L 1 , ∇ and non-linear operator L 2 are defined by
respectively. Equations (2.3) are subject to the condition of zero-slip on the wall, and also the condition of attenuation of the perturbations far away from the wall above the disk is enforced. The imposition of such a constraint is sufficient, though not necessary, see [34] , to keep in line with the results of much of the available works in the area so that comparisons can be adequately implemented. [34] , on the other hand, showed recently the existence of disturbances which are physically conceivable as well as growing away from the wall of the disk, which we shall not deal with here.
Asymptotic regions.
Our aim in the current investigation is to determine asymptotic solutions of the non-linear perturbation equations (2.3) in the limit of large Reynolds number, in each of the asymptotic regimes as depicted in Figure 1 . It is convenient here to define a small parameter ε by ε = R −1/16 . This quantity arises from the consideration of the concept of triple deck. The reason for this small parameter is that in parallel-flow approximation (see [1] ), the typical wavenumber of the neutrally stable modes on the lower branch increases proportionally to R 1/4 as R → ∞. For the viscous lower branch modes then, the thickness of the viscous wall layer (region III) is
, and the thickness of the main layer (region II) is
. Moreover, because of the fact that the wavenumbers in the r and θ directions are of order of magnitude R 1/4 , see for instance [1] and [12] , the thickness of the upper deck (region I) will be
. Based on the above triple-deck scalings, the linear stationary problem was discussed in [1] and the non-linear stationary problem in [2] . The asymptotic regions are shown in Figure 1 . It was shown in [12] that the effective velocity profile with wavenumbers α and β in the r and θ directions, respectively, is given by αrū + βv. Lower branch disturbances having the triple-deck structure are necessarily time-dependent if the effective wall shear (αrū +βv )(0) does not vanish. However, as the work of [1] points out, the zero-frequency lower branch neutral modes have vanishing shear. It was further shown theoretically in [6] and [20] that the orientation of high-frequency lower branch neutral modes approaches the direction of maximum mean wall shear, whereas the wavenumbers of the neutral modes with small frequency approach the neutral curve asymptotically for the zerofrequency mode. Therefore, we are here concerned only with the non-stationary modes having small frequencies, which enable us to follow the asymptotic expansion procedure set up in [1] , and hence we look for solutions proportional to
where the wavenumbers (α, β) and frequency ω expand for convenience in terms of the small parameter ε as
Here we search for the local wavenumber and frequency components which contribute to the neutrally stable flow initially at a radial location r, corrected later by a finite amplitude non-linear solution. Moreover, it should also be remembered here that unlike the linearized equations, the expansions of the disturbances for the non-linear solutions will involve harmonics generated by the convective and non-linear terms in the perturbation equations (2.3). Furthermore, we should address here that the periodicity in the azimuthal direction is ensured by considering a single azimuthal harmonic of the form (3.1) with the physical mode number ε −4 β asymptotically large in the limit of large Reynolds numbers. The fact that ε −4 β is an integer implies a discretization either through ε or β j , j = 0, 1, · · · as given in (3.2). However, because of the fact that we define an effective wavenumber k (that depends on γ 0 given later by equation (4.1) in §4.1) in place of α and β, it will be unimportant to assume whether the values of β are discrete or not. In addition to this, though the asymptotic expansion for ε −4 β will terminate at a finite place, it won't influence our analysis below since only the consideration of lower-order terms in β will suffice for our purposes (see the Landau-type equation (4.18) 
in §4.2).
Following closely the study of [2] , next the wavenumbers and frequency as given in (3.1) and the disturbances will be substituted in the perturbed Navier-Stokes equations (2.3), and solutions to the expansions of the flow quantities will be sought separately in each asymptotic region as shown in Figure 1. 3.1. Region I. We begin with the analysis of the external potential flow region, namely, the upper deck, where the cylindrical polar coordinates r and θ are of the order of unity in the limit of large Reynolds number, and the motion is inviscid and irrotational.
In the potential flow region the order one normal coordinate is introduced as
and the basic velocity components are simplȳ
Introducing further a small amplitude δ (which is later related to ε in §4.2), perturbations proportional to powers of δ driven by the non-linear terms expand as
together with a similar expansion forṼ , whileW expands as
andP expands as
where c.c. denotes complex conjugate terms, E is defined by (3.1) together with α, β and ω as given by (3.2), and U u0 , V u0 , W u0 , P u0 , etc. are functions of r and Z. Notice also the main-flow correction terms W um0 and P um0 , entering into the upper-deck flow region. Substituting these asymptotic expansions into the governing non-linear disturbed equations (2.3) and equating coefficients of like powers of ε from the terms proportional to δE and solving the resulting equations, one can find that solutions to the leading-order equations which decay to zero at the far field are given by
in which the zero-order effective wavenumber γ 0 having positive real part for the nonneutral waves is defined as γ
r 2 and C 1 is an unknown amplitude function of r. Moreover, solutions to the next-order equations are the same as those given in (3.6) except that C 1 is substituted by D 1 , which is also a function of C 1 . Furthermore, the form of the solutions of the disturbance equations resulting from the terms proportional to δ 2 E 2 , δ 3 E 3 and δ 3 E in equations (3.3)-(3.5) is similar to (3.6), apart from the integration constants C 1 and D 1 being replaced in each case by C i and D i , i = 2, 3, 4, which are functions of C 1 (r), too. Finally, the leading-order mean flow correction terms, due to the terms proportional to δ 2 are found to be W um0 = C 2 and P um0 = C 2 . It should finally be remarked here that the solutions obtained up to this order are the same as the solutions of the stationary problem explored in [2] . However, the nonzero frequency feature will come in later within the higher-order terms in (3.3)-(3.5), in particular through a term containing ω 0 .
3.2. Region II. In this region, occupying the bulk of the boundary layer, the asymptotic analysis of the Navier-Stokes equations is based on the limit process
Expanding the asymptotic solution (3.6) (and also the higher-order solutions) in the upper deck in terms of the scaling Y of region II suggests that the asymptotic expansion ofŨ in the main deck should be in the form
together with a similar expression forṼ , whereasW expands as
The variables appearing in equations (3.7)-(3.9) are all functions of r and Y . Making again the usual substitution into the non-linear perturbed Navier-Stokes equations (2.3) and after matching with the upper-deck results of (3.3)-(3.6) will generate, for the quantities proportional to the δE terms, the following solutions to the leading-order terms in the asymptotic expansions (3.7)-(3.9):
The next-order terms of δE in the asymptotic expansions (3.7)-(3.9) have similar solutions to (3.10). Equations (3.10) also indicate thatW satisfies the no-slip condition on the wall, even though U m0 and V m0 do not. However, the lower branch neutral modes that we consider here possess the feature of having zero shear stress on the wall at the first order (as first shown in [1] ). Thus, imposition of such a constraint on the modes yields α 0 rū (0) + β 0v (0) = 0, which in turn determines a relation for the leading-order eigenvalues as α 0 r β 0 = 1.207. Moreover, as suggested by the numerical results of [6] , the above relation will hold true for small frequency waves as well; though there occurs a shift in W m3 across the boundary layer through the leading-order frequency term ω 0 , the associated part is given by
which will be eventually taken care of through the lower-deck expansion below. Additionally, solutions to the terms proportional to δ 2 E 2 , δ 3 E 3 and δ 3 E in the expansions (3.7)-(3.9) have the same forms as (3.10) with α 0 , β 0 and ω 0 , etc., replaced by 2α 0 etc. and 3α 0 etc. respectively, with the amplitudes to match with the upper deck solutions. Finally, the leading-order mean flow corrections coming from the terms proportional to δ 2 in (3.7)-(3.9) are
3.3. Region III. This region, corresponding to the lower deck in Figure 1 , allows us to satisfy the no-slip condition on the disk surface. As mentioned earlier, in the limit of large Reynolds number the thickness of this region is such that
The expansion of the basic flow quantities in terms of the lower-deck scaling arē
Substituting (3.10)-(3.13) into (3.7)-(3.9) and expressing the results in terms of ζ suggests that in the lower-deck function,Ũ should be written as
(3.14)
Asymptotic expansion forṼ has the same form, whileW expands as
where
The coefficients in the expansions (3.14)-(3.16) are functions of r and ζ.
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for the terms proportional to δE:
with similar equations forṼ from the azimuthal momentum equation, but forP from the normal momentum equation we get
It is worth noting here that the term −2V −1 appearing on the right-hand side of the third equation in (3.18) (and also 2U −1 in the corresponding azimuthal momentum equation) is due to the Coriolis effects, showing that the structure of the neutral modes of small frequency waves depends upon both viscous and Coriolis effects. The above system of equations is considered together with the following boundary conditions, some of which stem directly from matching with the main-deck solutions in §3.2: 20) where B 1 is defined in the same way as A 1 but C 1 is replaced by D 1 . The wall derivative conditions in (3.20) are obtained using the third and fourth equations in (3.17) . In addition to this, the matching of the pressure in regions II and III through equations (3.10) and (3.19) produces P 0 = C 1 and P 1 = D 1 . So far we have obtained governing equations for the small linearized disturbances (δE terms only) related to each corresponding region of the triple deck; see Figure 1 . After a little lengthy work, it is straightforward to show that terms proportional to δ 2 E 2 , δ 3 E and δ 3 E produce equations similar to (3.17)-(3.20) with slight changes arising from the non-linear and convective effects in equation (2.3). Now, using equations (3.17)-(3.20) we shall deduce an eigenequation relating γ 0 to the wavenumber β 0 and frequency ω 0 .
We see that the first of equations (3.18) together with the corresponding boundary conditions may be solved for U −1 ; the solution has the form
,
Here U c denotes the parabolic cylinder function; see, for instance, [35] . A similar solution holds for V −1 .
In order to obtain the solutions for U 0 and V 0 we multiply the third equation in (3.18) and the equation for V 0 by irα 0 and iβ 0 respectively. We then add them together and, making use of (3.17), arrive at a conclusion that
The solution of this equation satisfying the condition of matching with the solution in region II may be written in the form
where k 1 is an arbitrary constant. The functions F 1 , F 2 and F 3 used in (3.22) satisfy the following Weber-like differential equation (see [35] ):
The boundary conditions for F 1 , F 2 and F 3 have been formulated using (3.20) .
It can be shown through the direct numerical solution of (3.23) that (alternatively the contour integration suggested in [1] may be used)
Finally, imposing the condition W 0 (0) = 0 leads to the sought eigenrelation
It is easy to notice that this relation differs from the one obtained in [1] and [2] Since the left-hand sides of these equations are equal, so should be the right-hand sides, which gives rise to the following eigenrelation: 27) describing the neutral stability of the flow at its current radial position, say, r =r. Here a 1 = sin( 3π 8 )
and ω 0 = r 1/8 Ω. By equating coefficients of like powers of ε from the resulting disturbance equations after substituting terms proportional to δ 2 E 2 given in (3.14)-(3.16), and a likewise manipulation of the obtained equations as implemented for (3.17)-(3.21) yields the leadingorder normal velocity term
where s 2 = (2∆) 1/4 ζ. From the continuity equation concerning δ 2 E 2 terms we get equations similar to (3.17) and, hence, the zero normal derivative on the wall produces the relation
which associates the amplitude C 2 of the first harmonic to C 1 . A similar argument as above generates the amplitude C 3 of the second harmonic, which appears to be related to C 1 through the relation 30) in which the term on the right-hand side is due to the non-linearity of the governing equations and * denotes complex conjugate. Next we proceed to the terms proportional to δ 3 E, which give rise to equations such as (3.17)-(3.20). As implemented above the relation linking the amplitude C 4 of the third harmonic to C 1 is found to be
Finally, together with the anticipation of zero-slip on the wall as well as the match with the main deck, the leading-order mean-flow correction terms proportional to δ 2 in (3.14)-(3.16) are obtained as 
Results and discussion.

Linear results (δE terms).
The leading-order wavenumber is governed by relation (3.27), which is associated with the non-zero frequency neutral disturbances. It is straightforward to check that the solution of (3.27) in the limit of the stationary neutral mode of [1] results in γ = 1.22. Figure 2 demonstrates the calculated roots (and also the asymptotes for large and small γ, which are indicated by the unbroken curves) that are real and positive, and so connected to the physical problem as initially imposed. The solution to equation (3.27 ) is in fact characterized by a parameter Ω c . Therefore, beyond the value of Ω c (which can be calculated from (3.27) as
9/8 ) it is apparent from Figure 2 that no non-stationary modes exist. Thus, Ω c constitutes a cut-off value for the positive frequency waves. This should be no surprise since within the present asymptotic theory sufficiently small frequencies with vanishing shear stress on the wall are assumed.
Another intriguing feature visible from Figure 2 is that for 0 < Ω < Ω c , two real positive roots exist corresponding to two lower branch neutral modes of the non-stationary waves for asymptotically large Reynolds numbers. The existence of such a double mode was also observed in the numerical calculations of [20] . It was found in [20] (see Figure 7 of [20] ) that for some positive range of frequency, the relevant neutral curves approach the neutral curve of zero-frequency, after having turned around as the Reynolds number increases. The present theoretical work thus predicts such a behavior bringing with itself, in addition, an imposition of a threshold value for the frequency.
The critical layer analysis of [28] for the evaluation of non-stationary modes seems not capable of capturing the modes encountered here. This might be due to the reason that the critical layer analysis does not yield negative frequencies and only points out the stationary mode of [1] . However, within the current asymptotic approach, since the shearing stress at the wall is presumed to diminish at the leading-order, the nonstationary neutral waves behaving qualitatively in a manner similar to the stationary one are well captured in the large Reynolds number limit. In addition to this, the wave angle, that is, the angle that wave disturbances make with the radius of the disc lies between 0
• and 90
• , a much wider range than that found in [28] . It is also clear from Figure 2 that for Ω < 0 the mode matching to the stationary mode of [1] has an effective wavenumber γ that increases monotonically as the frequency decreases. This behavior is also consistent with the numerical solution, as presented later, of the full linearized stability equations obtained by a parallel-flow assumption.
Having solved for the leading-order wavenumber expression, the correction term to the inclination angle, Φ 0 , can be formulated by utilizing (3.26) as
The scaled wave angle correction term φ versus the frequency is shown in Figure 3 , which is also consistent with the stationary mode of [1] , leading to a value of 2.3 for Ω = 0. It is seen that positive frequency waves make a smaller angle of inclination with the radius vector than the negative frequency waves.
However, since we have not yet found α 1 and β 1 separately, the correction term to the wavenumber cannot be determined without further continuing the next-order terms. In this connection, using the findings so far, the total effective wavenumber can be expressed by
In a similar fashion, the inclination angle between the radius and cross-flow vortices, defined by Φ = arctan(
In order to be able to compare the present asymptotic results (4.1)-(4.2) with the available numerical stability results, such as [6] , the following adjustments need to be done first. Noting that R ∆ , k ∆ and ω ∆ denote the Reynolds number, wavenumber and frequency respectively, used in [6] and [15] , and that R ∆ = rR 1/2 (here R ∆ is the Reynolds number based on the boundary layer thickness and the local azimuthal velocity on the disk), the following relations are present:
It is easy to ascertain from equations (4.3)-(4.5) that, by expressing the neutral values found in this investigation in terms of R ∆ , the explicit dependence on the radial variable has been removed. It should also be remarked here that simply assigning Ω to zero in (4.5) will effectively produce the stationary modes, which were already treated in [1] . Another intriguing point which deserves attention is that, unlike the other boundary layer flows such as the Blasius flow (see [26] ), here the stability quantities and as a result the structure of the lower branch modes arise from a balance between the viscous forces and Coriolis effects. Unlike this again, the eigenrelation determining the upper branch modes arises from a balance between various jumps across the critical layers and Stokes layer shift; see for instance [29] .
License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf In Figures 4 and 5 , a comparison has been made between the computed numerical results of parallel-flow approximation (see [6] ) and the asymptotic predictions as obtained from equations (4.3)-(4.5). It is seen for the limiting case of zero-frequency that the stationary viscous mode is perfectly recovered, showing the consistency of our asymptotic extension of the disturbance structure as set up in [1] to non-stationary small frequency modes. For small amplitude disturbances, the inviscid modes displayed as upper branch curves in Figure 4 are the dominant ones, whereas for larger amplitudes, the non-stationary short-wavelength modes depicted as lower branch curves might be more important, since then it might be possible that this class of modes may bifurcate subcritically as far as the non-linearity is concerned. The existence of such short-wavelength lower branch modes demonstrated in Figures 4 and 5 was first observed experimentally in [19] , and recently in [32, 33] . The second branch (indicated by the bold arrow) is most probably the one discovered in the experiment of [19] . To summarize this section, the contributions due to the boundary layer growth, that is non-parallelism, seem to be effectively destabilizing for the rotating-disk boundary layer flow taking into consideration the leading-order approximation. The dominant effect of the non-parallelism on the stability properties is appreciably felt for finite Reynolds numbers. For sufficiently large Reynolds numbers a fairly enhanced agreement occurs between the asymptotic and numerical findings. It would be interesting to further work out the contributions of non-parallelism which would arise from the consideration of higher-order terms in equations (4.1)-(4.2), within the asymptotic expansion technique pursued in this study.
4.2. Results of finite amplitude effects. From equation (3.31) , which is satisfied at the position of neutral stability, say r =r, we see that taking into account the relation (3.25), the left-hand side is zero when r =r. Therefore, in order to determine a finite amplitude solution, we must move sufficiently away from the neutral radius to allow C 1 to be non-zero. Taking this into consideration, as in [2] we perturb the solution from the position of neutral stability by writing r =r + r 1 .
(4.6)
Within a similar inspection as implemented in [2] , by choosing δ = ε 7/2 , a LandauGinzburg type equation is then formed to search for the effects of finite amplitude C 1 ; see also [36] and [37] . To be concise, we pursue the argument given in [2] and omit the details, except that α 2 in (3.17)-(3.19) is effectively replaced by
Accounting for the above arguments, now, from (3.14) the lower-deck disturbance velocityŨ will expand as
together with a similar expression forṼ , whileW andP expand as
where, now, quantities depend upon r 1 and ζ. The amplitude equation we are seeking is obtained by substitution of (4.8)-(4.10) into the non-linear disturbance equations (2.3), equating coefficients of like powers of ε from the resulting equations for the terms proportional to E, and finally solving forW 1 . The contribution coming from the terms of O(E 2 ) and of O(E 3 ) will be too small and thus neglected. However, instead of substitution of (4.8)-(4.10), theW 1 solution can also be determined in the following manner. The linear contribution to theW 1 term will come in from (U 2 , V 2 , W 1 , P 1 ) from the fourth equations in (3.17)-(3.20) after replacing r byr, as well as by expanding W 0 in equation (3.22) using (4.6) and extracting out O(ε) terms. The non-linear contribution will be simply as in W 10 in equation (3.31) , due to the argument given in [2] . Therefore, multiplying the last equations in (3.18) (and a similar one forṼ ) by irα 0 and iβ 0 , respectively, adding the results and making use of the fourth equation in the continuity equation (3.17) , we obtain the solution for W 1 after matching with the main deck as (3.23) replaced by RHS1 and RHS2, respectively. RHS1 is in fact in the same form as that given in [2] for the stationary waves, and RHS2 contains the contribution due to the non-stationary perturbations and is given by
(4.12)
Next, expanding the W 0 solution in (3.22) using (4.6), and taking into consideration
r ) withĀ 1 obtained by replacing r by r 1 in A 1 , and eventually together with (4.7) adding the resulting O(ε) terms into (4.11), the quantityW 1 appearing in (4.9) is given bȳ
(4.13)
Considering the last equation in the continuity equation (3.17) , the zero-wall derivative constraint also holds forW 1 and hence the subsequent relation arises: 14) for which I 4 and I 5 are given by a complex contour integration as
It should be remarked here that, by a direct matching of the solution W 0 in (3.22) with that of the main-deck solution in (3.8) , the constant k 1 is found to be
, and thus the k 1 and D 1 terms appearing in (4.14) are taken care of together with the consideration of the eigenrelation (3.25) .
We can now write (4.14) in the form 16) where with the help of (3.25) the constants a, b, c, d, e and f in (4.16) are given by Afterwards, multiplying (4.16) through by C * 1 and adding the complex conjugate together with the substitution r 2 = r 1 + e a gives
Since equation (4.18) is of Bernoulli type, the form of the solution depends on the signs of a and c, which are in turn related toγ 0 and ω 0 . However, equation (4.17) shows that regardless of the sign of the frequency term, a is always negative and hence the amplitude of the solution, |C 1 |, increases or decreases (see (4.18)) depending on whether r is less than or greater than the neutral value, which will also involve the sign of e. whose solution can be formulated as 
It is also seen from equation (4.17) and Figure 6 that c is always positive for all the frequencies, and thus regarding also equation (4.18) , it is clear that the non-linearity has a destabilizing impact for both positive and negative frequency waves, while more destabilizing for positive frequencies.
With a similar argument as in [2] , the amplitude function (4.21) becomes finite for all x as long as y 0 < 2/ √ π. On the other hand, |C 1 | will be unbounded for y 0 ≥ 2/ √ π, and there happens to be a cut-off at the value of x e , where x e is given by
Therefore, y 0 = 2/ √ π represents a threshold between the solutions always growing and those decaying to zero. In terms of the amplitude function (4.21), this threshold depends upon the frequency and is given by
From this finding, and also making use of (4.17), for positive frequencies with the scaled wavenumber γ small (Ω ∼ γ 1/4 from equation (3.27) , see also Figure 2 ), the initial amplitude |C 1 || x=0 will be order of magnitude of γ 7/8 , whereas for negative frequencies with γ large (Ω ∼ −γ 9/4 from equation (3.27) , see also Figure 2 ), it will be order of magnitude of γ 15/8 . This order of magnitude analysis implies that for the total amplification of the perturbations received into the three-dimensional rotating-disk boundary layer a smaller amplitude will be sufficient for the positive frequency waves but not for the negative ones. Thus, the destabilizing influences of non-linearity are greater for a positive frequency disturbance than for a negative one, resulting in the fact that for the negative frequencies close to the neutral location the non-linear effects are less important. This may also explain why the travelling modes dominated in the early stages of instability in the experiment of [32] for the natural transition process over a smooth rotating disk. If the transition is forced with a roughness element on the disk, then the non-stationary disturbances having finite amplitude were found to cause the transition in [33] . The above outcome thus enables us to conclude that turbulence will first take place through the positive frequency waves, if of course the lower branch modes calculated here dominate over the inviscid upper branch modes of [12] . If this is the case, then the non-stationary short-wavelength unstable modes described in this paper could be observed experimentally as in [19] and [32, 33] . However, it is an inevitable fact that at sufficiently large Reynolds numbers there will always be a broad spectrum of unstable inviscid modes with order-one growth rates which dominate over the transition process completely.
Conclusions.
In the present study a rational asymptotic expansion procedure which, as opposed to the conventional parallel-flow approximation, rigorously takes care of the non-linearity, non-parallelism and influences of viscous and Coriolis forces, has been pursued successfully to investigate the behavior of the non-stationary short-wavelength small frequency lower branch modes of the disturbances imposed on the incompressible three-dimensional boundary layer flow due to a rotating disk. First of all, the effects of non-parallelism have been determined on the evolution of linear lower branch modes. Secondly, the influences of the non-linearity have been searched on the time-dependent solutions, but quite close to the stationary neutral waves having vanishingly small shear stress on the wall. On this level, moving from the neutral location, the amplitude function of a growing or decaying perturbation has been determined as a function of the distance from the position of neutral stability. The most important conclusion from the present study is that, regardless of the positive or negative frequency waves, the non-linearity acts in favor of destabilization of the three-dimensional rotating-disk boundary layer flow. The destabilizing influence of the non-linearity is particularly pronounced for the positive short-wavelength frequency waves.
Comparisons show that, although the parallel-flow approximation to the full linearized equations is only valid for Re → ∞, nevertheless, to the order calculated the numerical and asymptotic results are graphically consistent. This consistency strongly suggests that the structure of the expansions for different quantities in each asymptotic regime of the triple deck is also appropriate to more general three-dimensional boundary layers (such as the Ekman and Bödewat layers), requiring only minor modifications in the flows of practical interest. However, it should be stressed here that the structure of the lower branch modes described here is formed both with the fact of having a vanishing shear at the wall in the effective mean cross-flow profile, and by a balance between the viscous and Coriolis forces. Therefore, unlike the upper branch modes, lower branch modes of the kind found here may not even exist in other three-dimensional boundary layers possessing no Coriolis term. This is as a result of the fact that the lower branch modes are governed by a relation determined from parabolic cylinder functions, rather than Airy functions or some other functions involved in eigenrelations in three-dimensional classical boundary layers; see for instance [38] .
The solution of the eigenrelation governing the effective wavenumber and frequency has not only demonstrated clearly the appearance of a double mode for some certain positive frequency waves, but also proved the existence of a critical frequency above which no neutral modes can occur. Non-parallel effects are overall found to be destabilizing. Moreover, in rotating-disk flow, the non-linear influences are more important for the lower branch modes close to the neutral locations than for the inviscid upper branch modes (though the critical layers in the upper branch might yield a significant non-linearity at low amplitudes).
In line with the stationary mode of [2] , a threshold amplitude of the disturbances has been found to exist at the position of neutral stability of the lower branch modes. If at the position of neutral stability, the amplitude of any disturbance is larger than this specific value, the solutions are most likely to grow in size driving the flow into turbulence, as the distance from the neutral stability location is increased. Equation (4.21) proves that the initial amplitude of the modes leading to an infinite growth is much smaller for the positive frequency waves as compared to the negative ones. Thus, in compliance with the experiments of [32, 33] , non-stationary waves having positive frequencies with sufficiently small amplitude near the neutral location are of significance in applications. These unstable modes are most probably the ones observed also in the experiment of [19] . If, however, the amplitude of a disturbance is smaller than the threshold amplitude, it decays eventually to zero after an initial growth as the distance from the position of neutral stability is increased, leaving the flow stable. In this case, of course the unstable inviscid mode observed to be dominant in the experiment of [12] will definitely be in play.
Another point which deserves mentioning is that as the difference in behavior between positive and negative frequencies is discovered here, some differences can be expected between waves which rotate faster or slower than the disk, an issue that requires further work.
It might also be interesting to explore whether the lower branch modes calculated analytically here can give rise to absolute growth of the disturbances, as in the works of [9, 39] . This certainly requires the multiple layer analysis of [9] and [40] (see also [41] ), which seems most appropriate for the neutral waves found in this work. Finally, it was shown in [42] that the non-linearity is also destabilizing in the compressible rotating-disk boundary layer flow as far as the stationary modes are concerned. The effects of wall insulation and isothermal wall were also found to be destabilizing, indicating the greatest likelihood of instability through highly cooled walls. How the compressibility will alter the character of the time-dependent modes accounted for in this study warrants further work and is currently being investigated.
